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We study the quantum self-organization of interacting particles in one-dimensional(1D) many-body systems,
modeled via Hubbard chains with short-range interactions between the particles. We show the emergence of
1D states with density-wave-like order related to topology at fillings that appear also in the fractional-quantum-
Hall-effect (FQHE), which is a 2D electronic system with Coulomb interactions between the electrons and a
perpendicular magnetic field. For our analysis we use an effective topological measure applied on the real space
wavefunction of the system, the Euler characteristic describing the clustering of the interacting particles. The
source of the observed effect is the spatial constraints imposed by the interaction between the particles. In
overall, we demonstrate a simple mechanism to reproduce many of the effects appearing in the FQHE, without
requiring a Coulomb interaction between the particles or the application of an external magnetic field.
I. INTRODUCTION
Self-organization mechanisms manifesting in quantum
many-body systems, can give rise to exotic phases of mat-
ter with unusual properties related to topology and quantum
correlations(entanglement)1–15. One of the earliest examples
of quantum self-organization mechanisms is the fractional-
quantum-Hall-effect (FQHE). Interacting electrons confined
in a 2D plane under the influence of a perpendicular mag-
netic field self-organize in a quantum mechanical manner,
forming quantum-liquid phases of matter with several unusual
properties16–18. For instance, electron fractionalization mech-
anisms are present, giving rise to collective excitations that
carry a fraction of the electronic charge, leading to fractional
conductance at quantized plateaus with extraordinary exper-
imental accuracy. In addition, the FQHE phases have been
shown to contain topological and strong entanglement proper-
ties, thus acting as a prototype system for studying topological
order19,20.
In this paper we investigate the quantum self-organization
of interacting spinless particles in one dimension (1D), mod-
eled byminimal many-bodyHubbardmodels with short-range
interactions. We demonstrate the appearance of quantum
phases with density-wave-like order related to topology, oc-
curring at system fillings that appear also in the FQHE. The
appearance of these phases in our model does not require
an external magnetic field or Coulomb interactions between
the particles. Instead it relies on the spatial constraints im-
posed by the short range interaction between the particles. We
demonstrate the emergence of the FQHE phases in our model,
by using an effective topological measure from graph theory,
the Euler characteristic, applied in the real space of the sys-
tem. This measure allows us to identify topological clustering
mechanisms of the particles that lead to the FQHE phases. We
study several cases, low filled, half-filled and densely filled
systems with a variable number of particles. Also we show
that the FQHE phases in our model are robust to disorder. Our
approach helps to gain a better understanding of the mech-
anisms leading to topological phases of matter in many-body
systems like the FQHE phases, using simple models with min-
imal interaction rules, that could be experimentally realizable
in cold-atomic systems and Bose-Einstein condensates.
For our calculations we use a Hubbard chain of spinless
particles where only one particle is allowed per site,
H = U
M−1∑
i=1
nini+1 + t
M−2∑
i=1
c†ici+2 + h.c. (1)
where c†i , ci are the creation and annihilation operators for
a particle at site i in the chain and ni = c
†
ici is the num-
ber operator taking the value 0(1) for an empty(occupied)
site. The system consists of N particles distributed among
M sites. The filling of the system is f = NM . Eq. 1 could
describe hard-core bosons or spinless fermions.The calcula-
tions presented in this manuscript are for hard-core bosons
which satisfy [ci, c
†
j ] = (1 − 2ni)δij , although we have per-
formed calculations for fermions also. For our calculations
we fix the value of the hopping at t = 1. When two parti-
cles occupy nearest-neighboring (adjacent) sites in the chain
they lift the total energy of the system by U. The nearest-
neighbor repulsive interaction imposes a spatial constraint in
the self-organization of the particles. For example when t = 0
and f ≤ 12 the lowest Fock states of the system consist of
cases where the particles are seperated by at least one empty
site(hole) e.g. the minimum distance between the particles is
2 in units of the lattice constant21,22. As we shall show these
type of states survive even at the presence of the second near-
est neighbor hopping in the chain (the second term in Eq. 1),
as long as the interaction strength U is sufficiently large.
The Euler characteristic χ can be defined as the difference
between the number of vertices N and the number of edges E
between the vertices in a graph23,24
χ = N − E (2)
For our model, the particles act as vertices, while edges are
formed when the particles occupy adjacent sites in the Hub-
bard chain. Each pair of adjacent particles represents one edge
which contributes energy U in the total energy of the system.
This way, the value of χ can be used to describe the cluster-
ing of the particles along the Hubbard chain25,26. For a sys-
tem consisting of single particles, without clustering, we have
χ = N . When all the particles condense into one cluster of
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Figure 1. a)The Euler characteristic χ for the ground state of sys-
tem for odd denominator fillings and M = 2N − 1, versus the
strength of the interaction between the particles U. b)Some cases for
M > 2N − 1. In all cases the system reaches a topological quan-
tum phase with χ = N for sufficiently strong U. The filling factors
shown appear also in the FHQE leading to fractional conductance at
quantized plateaus.
length N-1 then we have χ = N − (N − 1) = 1. The Eu-
ler counts the number of clusters contained in a single Fock
state with a fixed configuration of particles26. The clusters
can be either single particles with length 0 or lines of particles
with maximum length N-1. In general the system will lie in a
superposition of various Fock states each one having its own
configuration of particles and χ. Then it is useful to define
the χ of the superposition, by using the local curvature of the
system at each site, as defined in graph theory for tree-like
graphs23,24
Ki = 〈ni〉 −
〈di〉
2
. (3)
Here 〈ni〉 is the occupation probability at site i in the Hubbard
chain, while 〈di〉 is the mean number of particles lying at the
two adjacent sites around a particle at site i. The average in
Eq. 3 is taken over the Fock states. For a single Fock state, we
haveKi = 0 for an empty site or for an occupied site with two
adjacent particles(〈ni〉 = 1, 〈di〉 = 2). For an occupied site
with one adjacent particle(〈ni〉 = 1, 〈di〉 = 1) we haveKi =
1
2 and for an occupied site with no adjacent particles(〈ni〉 =
1, 〈di〉 = 0) we have Ki = 1. The Euler characteristic χ can
be calculated by summing the curvature over all the sites of
the Hubbard chain
χ =
M∑
i=1
Ki. (4)
This is analogous to the Gauss-Bonnet theorem of differential
geometry, where a local curvature of a manifold is integrated
over the whole surface of the manifold in order to get χ.
In Fig. 1 we show several cases with M ≥ 2N − 1 →
f ≤ N2N−1 for odd M corresponding to odd denominator fill-
ings. For interaction strength U exceeding a critical value
Uc determined by the filling, a flat plateau at χ = N is
formed, for all fillings studied, indicating the appearance of
a topological phase. This phase consists of states that con-
tain single particles seperated by a minimum distance 2 of the
type |101 . . .01000〉 (density-wave-order). These states ap-
pear also as the ground states of the system when t = 0 in
Eq. 1. No clustering/condensation of the particles is present
in this case, since there is enough empty space in the system
for the particles to be seperated from each other due to the
nearest-neighbor repulsive interaction(the first term in Eq. 1),
which minimizes the energy of the system. Below Uc several
non-flat plateaus at non-integerχ 6= N appear. These plateaus
correspond to ground states which are superpositions of Fock
states that contain a variable number of clusters.
Essentially the repulsive interaction term in Eq. 1 imposes
a spatial constraint in the self-organization of the interacting
particles. For sufficiently strong U and f ≤ 12 , the constraint
manifests as a minimum distance 2 between the particles, as
we have already pointed out. For M = 2N − 1 → f =
N
2N−1 (Fig. 1a), the particles arrange in one classical state
with density-wave order, of the type |10101 . . .01〉. This state
lies at energy E = 0 since there is no particle clustering and
the second nearest hopping has no effect on the configuration
of the particles, as they are spatially frozen. It is useful to
examine a case with a small number of particles, for instance
theN = 2,M = 3 case. The Hamiltonian written in the basis
of all the possible Fock states |110〉 , |101〉 , |011〉, is block
diagonal containing two blocks. One block corresponds to the
state |101〉 containing just a single zero element(H1 = 0),
while another 2x2 block is formed for the states |110〉 , |011〉,
H2 =
(
U t
t U
)
. (5)
This matrix has two eigenvaluesE1 = U + t and E2 = U − t.
Clearly when U > t then E2 > 0 and the ground state of the
system becomes the Fock state with density-wave order |101〉
lying at E = 0. This state corresponds to the phase with χ =
N reached at the critical interaction strengthUc = t⇒ U = 1
as shown in Fig. 1a.
For arbitrary N and M, by enumerating the sites in the Hub-
bard chain, we can see that the second nearest neighbor hop-
ping allows a particle to hop only between sites of the same
type, even or odd. This allows to write the Hamiltonian of the
system in a block-diagonal form as we have explicitly shown
for N = 2,M = 3. Two of the blocks always correspond to
Fock states containing particles at even or odd occupied sites
in the Hubbard chain. The rest of the blocks correspond to
Fock states that contain particles at a fixed number of odd and
even sites. The size of each of these blocks is determined by
the number of permutations of the fixed odd occupied sites
among the rest of the occupied even sites. The block diagonal
structure of the Hubbard Hamiltonians allows us to diagonal-
ize them more efficiently for large systems.
In Fig. 1b we show various cases with M > 2N − 1 →
f < N2N−1 → f <
1
2 for odd M (odd denominator fillings).
Again, the system reaches a quantum phase with χ = N for
sufficiently strong U. Unlike theM = 2N − 1 case, forM >
2N − 1 the particles have enough spatial freedom to hop via
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Figure 2. The Euler characteristicχ for the ground state of the system
for even denominator fillings andM > 2N−1 versus the strength of
the interaction between the particles U. All cases approach asymptot-
ically χ = N as U is increased. The topological phases with χ = N
are not reached for any finite value of U unlike the odd denominator
fillings.
the second nearest neighbor hopping, between the same type
of sites in the Hubbard chain (even or odd). This leads to the
formation of many possible Fock states with different particle
configurations whose superposition acts as the ground state of
the system. The second nearest neighbor hopping generates
a dispersion around E = 0 for these states, which results in
a negative ground state energy of the system. In overall we
see that the topological quantum phase with χ = N occurs at
E = 0 forM = 2N − 1 and at E < 0 forM > 2N − 1.
The mechanism leading to the topological phases in our
model can be understood energetically by taking account of
the block-diagonal form of the Hamiltonian. For odd denom-
inator fillings and sufficiently strong U, the block that gives
the lowest eigenvalue of the system, corresponds to states that
contain single particles at odd sites of the Hubbard chain,
seperated by a minimum distance 2. In contrast for even de-
nominator fillings the Hamiltonian block which gives the low-
est eigenvalue, always corresponds to states containing con-
densations/clusters of particles (either single particles or lines
of particles) with a variable cluster number. Some cases for
even denominator fillings are shown in Fig. 2. In contrast
to the odd denominator fillings, we do not observe a phase
transition towards χ = N . In this case the ground state of
the system consists of states that contain a variable number of
particle clusters leading to χ 6= N . The value χ = N is ap-
proached only asymptotically as U is increased since the limit
U →∞ is equivalent to considering t = 0 in Eq. 1.
Another case of interest is when M < 2N − 1 → f > 12
where the particles are spatially more restricted and cannot all
stay seperated from each other. In Fig. 3a we show several ex-
amples for this case and odd denominator fillings. The system
reaches a phase where χ is given by the number of clusters in
the ground state, instead of the number of particles. In gen-
eral there exist M − N + 1 clusters when M < 2N − 1.
For example when N = 4,M = 5 the phase with χ = 2 is
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Figure 3. a)The Euler characteristic χ for the ground state of system
with odd denominator fillings for M < 2N − 1 versus the inter-
action strength between the particles U. All cases reach a quantum
phase with χ = M − N + 1 which is equal to the number of clus-
ters contained in the ground state. The filling factors appear also
in the FQHE. b)The respective cases for even denominator fillings
approach χ =M −N + 1 only asymptotically as U is increased.
determined by the states |11101〉 , |10111〉 which contain two
clusters. Again the even denominator fillings shown in Fig. 3b
do not reach this phase. For example the case N = 5,M = 8
approaches χ = 2 only asymptotically, since there are two
clusters for U →∞ (t = 0).
In overall, we can see that the topological phases in our
model are reached for fillings f = pq where p and q have no
common denominators and q is an odd integer. These are the
filling factors where the fractionally quantized plateaus of the
conductance occur in the FQHE16,18. The filling in our model
is analogous to the filling factor in the FQHE, which repre-
sents the ratio of electrons to magnetic flux quanta. Essen-
tially the M sites in our model correspond to the flux quanta
that can be filled with N particles.
A fractionalization mechanism can be easily recognised
in our model. As we have already analyzed, in a system
with M = 2N − 1 the particles in the ground state arrange
in one classical state with density-wave order of the type
|10101 . . .01〉 due to the nearest-neighbor repulsive interac-
tion. Removing any number of particles from this state will
create holes that split in fractions, thus creating fractional ex-
citations in the system. These type of states are responsible for
the emergence of the χ = N phases in our model for the odd
denominator fillings. The fractional excitations contained in
these states can collectively carry current through the system
leading to fractional conductance.
Not surprisingly we have found that the probability ampli-
tudes for each Fock state in the ground state of the system
can be qualitatively described by the Laughlin wavefunction
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Figure 4. The wavefunction probability for each Fock state in the
ground state of the system for different fillings. Continuous black
curves are the exact results obtained by diagonalizing the Hubbard
Hamiltonian Eq. 1 forU = 5, t = 1. The dashed red curves obtained
using the Laughlin wavefunction Eq. 6 catch the trend of the exact
results.
adapted for the 1D case and for any filling f
Ψ = D

 ∏
N≥i≥j≥1
(α(i − j))1/f

 N∏
i=1
e−(αi)
2
. (6)
where i, j is the position of an occupied site in the Hubbard
chain and D is a normalization factor. Eq. 6 gives the am-
plitude for one configuration of particles represented by the
respective Fock state in our model. The probability |Ψ|2 us-
ing Eq. 6 with α = 0.01 catches the trend of the exact result
obtained by diagonalizing Eq. 1, as shown in Fig. 4 for dif-
ferent fillings.
Another feature of the FQHE that we are able to reproduce
with our model is the linear dependence of the gap from the
ground state to the first excited state, as a function of the fill-
ing.
Topology in our model manifests in the number of clus-
ters contained in the Fock states, whose superposition is the
ground-state wavefunction of the system. The Euler charac-
teristic acts as a topological number characterizing the respec-
tive quantum phases. For odd denominator fillings the system
reaches a quantum phase with χ = N for M ≥ 2N − 1
and χ = M − N + 1 for M < 2N − 1. In both cases χ
counts the number of clusters which are single particles for
the M ≥ 2N − 1 case. The clusters act essentially as topo-
logical defects among the empty sites, embedded in an 1D
manifold represented by the Hubbard chain. The Euler char-
acteristic counts the number of these topological defects. In
contrast the non-integer values of χ along the non-flat plateaus
that appear belowUc, do not correspond to topological phases.
These phases contain ground states which are superpositions
of Fock states that contain a variable number of clusters.
We note that a model similar to ours, relying on repulsive
interactions, has been proposed in order to reproduce FQHE
states and the respective wavefunctions in 1D27. Also 1D
FQHE setups have been studied experimentally28.
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Figure 5. The effect of disorder on the topological phases represented
as continuous curves. The clean cases are shown with dashed lines
for comparison. The phases at χ = N and χ = M − N + 1 are
preserved for strong interaction strength U.
In Fig. 5 we show the effect of disorder on the topological
phases. The disorder is introduced by an on-site random po-
tential term Hd = Vi
∑M
i=1 ni. The random numbers Vi are
sampled from a box distribution in the interval [−W/2,W/2]
for 1000 realizations of the disorder with W = 1. The
plateaus at χ = N and χ =M −N +1 are preserved despite
the strong disorder. This robustness to local perturbations is a
typical feature of topological phases of matter.
We note that although the topological FQHE phases pre-
sented in this manuscript are derived for hard-core bosons, we
have verified their presence for fermions also.
To summarize, we have demonstrated the emergence of 1D
quantum phases with topological characteristics, at the filling
fractions of the FQHE, in Hubbard chains with nearest neigh-
bor interactions. We have based our analysis on a topological
measure of graph theory, the Euler characteristic applied in
real space of the system to describe the clustering of the inter-
acting particles along the Hubbard chains. Our result shows
that the fractionalization and topological effects of the FQHE
can be achieved in simple many-body systems that follow
minimal interaction rules, lacking Coulomb interactions be-
tween the particles or external magnetic fields. This approach
hints the universality of the FQHE, and how it could rely in
general on spatial constraints imposed on the self-organization
of particles in many-body systems. Apart from its fundamen-
tal significance our result could be useful in the realization of
fractionalization and topological many-body mechanisms in
cold atomic systems or Bose-Einstein condensates.
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